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A procedure is developed which allows one to measure all the parameters occurring in a complete 
model [A. A. Semenov et al., Phys. Rev. A 74, 033803 (2006); [quant-ph/ 0603043 of realistic leaky 
cavities with unwanted noise. The method is based on the reflection of properly chosen test pulses 
by the cavity. 
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PACS numbers: 42.50.Lc, 42.50.Pq, 42.50.Nn, 03.65.Yz 
I. INTRODUCTION 

Optical cavities play an important role for a variety 
of experiments in quantum optics [l[. The possibilities 
of realizing strong coupling between cavity modes and 
atoms inside the cavities make them of interest for the 
efficient transfer of quantum states between the radia- 
tion field and atoms, as desired in quantum information 
processing. For describing the coupling of radiation into 
and out of a cavity, quantum stochastic input-output re- 
lations and quantum field theoretical concepts were 
developed 0]. 

A realistic description of the input-output behavior of 
leaky cavities requires a careful consideration of possible 
losses that may significantly alter the nonclassical proper- 
ties of light. Cavity parameters, such as the transmission 
and loss coefficients, the free spectral range (FSR), the 
cavity-decay rate T, and the Q-factor, have been mea- 
sured by using the direct transmission of light through 
the cavity [J, H and by monitoring nonclassical charcter- 
istics of light [g] . It has been demonstrated that in high- 
er cavities the losses caused by absorption and scattering 
may be of the same order of magnitude as the wanted 
outcoupling of the field [H . For describing additional ef- 
fects of unwanted losses associated with absorption and 
scattering, attempts have been made to introduce addi- 
tional input-output ports into the quantum noise theory, 
see e.g. Refs. @, H|. It has been shown that even small 
unwanted losses due to absorption and scattering may 
substantially diminish nonclassical signatures of the out- 
going pulse [7|. Hence for any application that requires 
a precise transfer of quantum states of light into or out 
of a cavity, a careful description of the properties of the 
used cavity is indispensable. 

Recently it has been demonstrated that a complete 
cavity model, describing all the unwanted losses, requires 
additional noise terms in both the quantum Langevin 
equation and the input-output relation [{|. This may 
lead to new effects, such as the superposition of the in- 



put field with the outgoing field from the cavity in a com- 
mon nonmonochromatic mode. In principle, all param- 
eters necessary for the complete description of cavities 
can be expressed in terms of the radiation and absorp- 
tion coefficients of the mirrors [To| . In practice, however, 
the parameters used in such a model will also depend 
on scattering, mirror alignment, and other conditions of 
the experiment. Hence, an operational procedure for the 
determination of all the cavity parameters is desired for 
a correct descriptions of the quantum effects to be ex- 
pected. 

In the present contribution we propose a method to 
determine the cavity parameters needed for a complete 
description of the quantum noise effects of a realistic cav- 
ity. It is based on the reflection of light pulses of different 
lengths by the cavity. The absorption and scattering of 
pulses with a spectrum that is much wider than the cav- 
ity decay rate is shown to depend only on the additional 
term in the input-output relation. This fact will appear 
to be useful for the needed measurement procedure. 



II. THE CAVITY MODEL 

Let us consider the recently proposed model of leaky 
cavity, which has a partial transmitting mirror, with un- 
wanted noise [9( . The cavity is described by the quantum 
Langevin equation 

6cav = " ^ C av + ft] a c!w +T^b in (h)+C^ (t X ) , (1) 

and the input-output relation 

Sout(ti) =T^a cm (t 1 )+n^b in (t 1 ) + C^(t 1 ). (2) 



Here, 



is the annihilation operator of an intracavity 
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mode, &in(ii) is the input-field operator, 6 ut(*i) is the 
output-field operator, w cav is the resonance frequency of 
the cavity, and T is the cavity decay rate. The complex 
numbers and are the transmission coefficients 
describing the outcoupling of the internal field and the 
incoupling of the input field respectively. The complex 
number IZ^ is the reflection coefficient at the cavity. 
The operators C^ c '(ti) and &°\t\) are associated with 



2 



the unwanted losses and obey the commutation relations 

[# c >(ti),CWt(t 2 )] = \A^\ 2 S(h-t 2 ), (3) 

[C^(h),CW(h)] = lA^fSih-h), (4) 

[C^{h),C^{t 2 )] = |^ (c) ||^ (o) |e ,;K cosC^i-t 2 ), 

(5) 

where the numbers \A^ | , \A^ | , and e lK cos £ are related 
to the transmission and reflection coefficients through the 
constraints 



r = \ A ic) \ 2 + |r (c) | 2 , 



|^°)| 2 + |^°)| 2 = l 



(6) 



(7) 



T (o) + T (c)* n {o) + I ^(c) I |^(o) | e i« cos C = Q) ( 8 ) 

which follow from the requirements of preserving the 
commutation rules, for details see Ref. @. 

The set of complex coefficients w cav , T, T'°\ T^ c \ 
and TV-°> completely describe the radiative and the noise 
properties related to the considered intracavity mode. In 
view of Eqs. ([6]l8|), these parameters attain only values 
within a restricted domain 9] . By supposing that the res- 
onance frequency ui cav and the FSR are already known, 
we will formulate an operational procedure for the mea- 
surement of the other parameters of this set. Our pro- 
cedure is based on measuring the reflection efficiencies of 
different test pulses by the cavity. 



III. REFLECTION OF QUANTUM LIGHT BY 
THE CAVITY 



We start with combining solution of the quantum 
Langevin equation (fT]) and the input-output relation (f5]), 
also c.f. @, 



bout 



(9) 



+ 00 



a ca v(0)F* / dt 2 G* (h,t 2 ) b in (t 2 )+C (ti) , 

J — oo 

where a cav (0) is the operator of the cavity mode at initial 
time, 



F* (t x ) = r^e-( l ^ + *) ti e 



(10) 



g* (t u t 2 ) = t^c (t u t 2 ) + n^s(h - 1 2 ) , (ii) 



C (h,t 2 ) = rWe-O^+^-^e (t x ) e {h - 1 2 ) . 

(12) 

Equation (fSJ) can be rewritten by using two complete or- 
thogonal sets of functions {U™ (ti) , n = 0, . . . , +00} and 



{U° ut (t%) , n = 0, . . . , +00} associated with input and 
output fields respectively, 



^in(out) (*i 



+00 

E 

n=0 



^ l( ° Ut) (*l)&i„(out); n , (13) 



c-j-00 



1 (out);', 



dt 



/ —00 



L C7Mo^)* (tl) g. n(out)(tl) . (M) 



Suppose that the function [/g ut (ti) has the form of the 
pulse extracted from the cavity, i.e., the cavity-associated 
output mode (CAOM), 



(15) 



The function (ti) describes the test pulse (TP) to be 
reflected by the cavity, leading to the output pulse 



/+00 
dhG^t^t^Ufih). (16) 
-00 

The function U° ut (ti) is chosen such that the expansion 
of U out (ti) in terms of U° ut (ti) consists of two compo- 
nents, 

rout / 



U ° Ut ^) = V& VC/ o° ut (<i) + V^^i° Ut (*i) , (17) 



see Fig [TJ 




FIG. 1: Reflection of a test pulse (TP) by the cavity. The out- 
going field consists of two different nonmonochromatic modes: 
the cavity-associated output mode (CAOM) and an addi- 
tional output mode (AOM). 

We will refer to the pulse associated with the function 
U° ut (ti) as the additional output mode (AOM). Here 77 
and /i are, respectively, the efficiency and the phase of the 
reflection of the TP into the CAOM. From the orthogo- 
nality conditions we obtain 



/Tj— f e^ = 



+ OO 



dt 1 t/ out (< 1 )C/ out *(i 1 ) 

) 

^(o)^(c 



(18) 



r 



n 



(o) 



n-{o)* r+oa 
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where rj Yct is the efficiency of the input-field reflection into 
the AOM. Using Eq. (fl~7j) and the normalization condi- 
tion for U° ut (ti) one derives 



Vref 



dti 



U^^-^e^U^ih) . (19) 



The total efficiency of the input-field reflection at the 
cavity is given by the expression 



+00 



n™t=R rel + Vr ei = I d* x \U out (h)\ . (20) 
In the considered representation, Eq. has the form 



&out;0 = flcav(O) + y/W^ t e V &in;0 

+00 

+ c , 



(21) 



Vrct 



r _p(fc)y 

f+TW J 



r - r( fe ) 



(30) 



From Eq. (|20[) the total efficiency of the reflection, 77S , 
can be found to be 



„(*) 

''ref 



D 



r (r + rw) 



(31) 



where 
D = 4 



T (o) 2 T (c) 2 + 4 p Re f T (o) T (c) R (o)*^ ( 32 ) 



This efficiency can be measured, for example, by reflect- 
ing the pulse being in a coherent state and comparing 
the amplitudes before and after reflection. 



IV. MEASUREMENT PROCEDURE 



+00 



bout:l — V r] rc { hn;0 + / > ^m,lAn;m + C\ , 



m— 1 



+00 



+ C n for n = 2, 3 . 



(22) 



(23) 



where 



+ OO 



dhdhU^ih) G* (h,t 2 ) U% (t 2 ) , (24) 



Cn 



+00 



dti[/° ut *(ii)C(ti), 



|T(°)| 



(25) 



(26) 



Equation (f2"6")l defines the efficiency of quantum-state ex- 
traction from the cavity [7|. 

Consider the reflection of the TP, whose form is that 
of a pulse extracted from another cavity with the same 
resonance frequency and the cavity decay rate F^ k \ 



'^(tx) = VrWe"( 4 " cav+ ^ 1 )* 1 e lv<fc) e(i 1 ) . (27) 



In this case the reflected pulse according to Eq. (fT())) has 
the form 



u out (h) = Vrw 



r 1 e itp{k) Q{tx) (28) 



r - r( fc ) 



r - r« 

1 — exp ( 1\ 



The efficiencies of the reflection into the CAOM and the 
AOM are, according to Eqs. IT8|) and (fT9|) . given by 



„w = 4rr(fc) 
it e { (r + r( fe )) 2 



r 



(29) 



For the formulation of the first step of the measurement 
procedure, we consider the special case T <C <C FSR. 
In this case, as it follows from Eqs. (|28|) and (f3Tj) in the 
limit r( fc '/r — > +00, the TP does not change its form 
during reflection (and partial absorption and scattering) 
according to 



C/ out (ii) =1l ( - o) U^{t 1 ) 



?7ref 



U {o) 



(33) 



(34) 



Hence, one can conclude that such pulses do not couple 
with the intracavity field and the efficiency of their re- 
flection is completely defined by the value of TZ^ . This 
efficiency as well as the corresponding phase shift can be 
measured. According to Eq. (|7|) with such kinds of ex- 
periments one can check the strength of the noise term 
C(°\i) in the input-output relation j2]). Therefore, by re- 
flecting an appropriate pulse by the cavity one can mea- 
sure the value of TZ^ and hence of |^°)|. 

The second step of the procedure is the measurement of 
the two total efficiencies of the reflection rrj! and n[5 for 



TP's defined by Eq. (|27|) with two different parameters 
and r^ 2 ) , respectively. One can consider Eq. (j3"Tj) for 
k = 1 , 2 as a system of two algebraic equations for the 
variables T and D. Resolving it we obtain 



T (2) (v[ 2 J-\K^\ 2 )-TW 



77 (1) 

'/ref 



d = r ( r + r (fe) 



(2) 
?7ref 



(ft) 



(35) 



(36) 



Therefore, this part of the measurement procedure allows 
one to obtain the values of cavity decay rate T and of D, 
Eq. (f3"2"|) , by reflection of different pulses at the cavity. 
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The third step of the procedure is the measurement of 
the efficiency of the reflection into the CAOM as given 
by Eq. ([29) . Because of the specific form of this ex- 
pression one can consider, without loss of generality, the 
efficiency rj for the case of T = r( fc ). This value can 
be measured by balanced homodyne detection of the 
reflected pulse being in the coherent state. The local os- 
cillator field is prepared in the form of the CAOM with 
an arbitrary phase, see Fig. [2] Such a procedure allows 
one to measure only the quadrature of the CAOM with 
suppression of information about the state of the AOM, 
see discussion of cascaded homodyning in Ref. 0] . Com- 
paring the absolute values for the coherent amplitudes of 
the input pulse and the CAOM, one can find the corre- 
sponding efficiency V T { - 

Combining Eq. (3jg) for T = and Eq. (32), one 

obtains the expression for |T(°)| 2 |T( C )| 2 , 



|7-(°)|2|7-(c)|2 _ £_ + p2 



(37) 



and than Eq. ([32) can be used for expressing the phase 

of rWrw as 

argT (o) r ( C ) = arccos I I _ arg ft(°). 

4r|T(°)||T( c )| 

Therefore, this stage of the measurement procedure al- 
lows one to obtain the value of Tw^W, 




only the information about reflection by the cavity. It 
can be performed directly by measuring the efficiency of 
the quantum state extraction given by Eq. ((26) and the 
corresponding phase. This kind of experiment allows one, 
in principle, to obtain the value of and evaluate 7~(°) 
using the knowledge of T^T^°\ 

As it follows from Eqs. (7) and (5), the difference be- 
tween the absolute values of T^°> and is caused 
by deviation of (T^ * 1 ! from 1. According to Eqs. (4) 

and (7), the additional noise term &°'(Jbi) in the input- 
output relation (2) differs from for such cases. This 
term describes unwanted losses of the input field inside 
the coupling mirror under reflection by the cavity. From 
the other hand, for cavities with a negligible value of this 
noise, the first step of the measurement procedure reveals 
that I7?/ - 1 ! = 1, consequently for this case 



T(o) 



= \ \T(°)\ |T( C 



(39) 



For such cavities the absolute values of and are 
easily obtained. 



V. CONCLUSIONS 

Leaky optical cavities with unwanted noise are charac- 
terized by several parameters. We have demonstrated 
that they are uniquely related to the efficiencies and 
phase shifts of the reflection of different light pulses. The 
proposed procedure of measuring the cavity parameters 
is based on the determination of these efficiencies. This 
can be done by comparing the coherent amplitudes of 
the incident and reflected light fields. Among others, it 
has been demonstrated that the specific noise term in 
the input-output relation can be measured through the 
reflection of a pulse, whose spectrum is much wider than 
the cavity-decay rate but narrower than the free spectral 
range. Altogether, the possibility to measure all the pa- 
rameters allows one to completely characterize the quan- 
tum noise effects of a given nonideal cavity. 



FIG. 2: The scheme of measuring the efficiency rj of the 
reflection into the CAOM. The local-oscillator field in the 
standard scheme of homodyne detection is prepared in the 
form of the CAOM. 

As the fourth step of the measurement procedure one 
should separate the coefficients and T^ c \ In the 

most general case it is impossible to do this by using 
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